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Continuum—discontinuum modelling of shear bands

Esteban Samaniegoi’§ and Ted Belytschko® '

Department of Mechanical Engineering, Northwestern University, 2145 Sheridan Road,
Room A212, Evanston, IL 60208-3111, U.S.A.

SUMMARY

A methodology to model shear bands as strong discontinuities within a continuum mechanics context
is presented. The loss of hyperbolicity of the IBVP is used as the criterion for switching from a
classical continuum description of the constitutive behaviour to a traction—separation model acting at
the discontinuity surface. The extended finite element method (XFEM) is employed for the spatial
discretization of the governing equations. This enables the shear bands to be arbitrarily positioned
within the mesh. Examples that study the shear band progression within a rate-independent material
are presented. Copyright © 2005 John Wiley & Sons, Ltd.
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1. INTRODUCTION

A shear band can be described as a narrow region in a solid undergoing intense shearing. After
a shear band is fully developed, relative sliding of the two sides of the band similar to mode
IT fracture can be observed. Shear bands can be regarded as specific instances of the more
general phenomenon of strain localization and as material instabilities.

When dealing with rate independent materials undergoing strain softening, the development
of bands of localized deformation has classically been linked to the loss of hyperbolicity of
the linearized initial boundary value problem (IBVP). In Reference [1], a closed form solution
was obtained for a wave propagation problem in a one-dimensional bar. It was shown that,
despite the loss of positivity of the tangent modulus, a solution could be obtained if the region
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undergoing strain softening was restricted to a set of (Lebesgue) measure zero. However, the
solution was considered to be meaningless from a physical point of view, because it implied
zero dissipation. As pointed out by Armero [2], for example, this shows the necessity of
including some dissipative mechanism in the region in which hyperbolicity has been lost.

The above discussion highlights two crucial phases of the mathematical modelling of strain
localization:

(1) The detection of loss of material stability.
(2) The adoption of some model to capture the post-localization behaviour.

The former determines the material points that belong to a localization band, whereas the
latter enables one to obtain physically meaningful solutions after the onset of localization.

In this paper, we adopt the use of interface laws for modelling the post-failure behaviour
of the material. Thus, a shear band is regarded as having zero width, and, therefore, as a
discontinuity in the displacement field. In light of this, the use of the extended element method
(X-FEM) for the spatial discretization of the IBVP emerges as natural because of its ability to
include discontinuities in the approximating fields.

The numerical modelling of shear bands by means of some enrichment of the standard
finite element method can be traced back to References [3,4]. The methods proposed in these
references belong to the class of the so-called finite elements with embedded discontinuities.
Later, the link between the continuum theory of strain localization, the concept of cohesive
surfaces, and the use of embedded elements was studied by means of the so-called strong
discontinuity analysis in Reference [5]. Further developments of this approach can be found in
References [6, 7].

The remainder of this paper is organized as follows. First, the use of the local hyperbolicity
of the momentum equation as a criterion of material stability is motivated. Then, the problem of
a solid with a dissipative interface is stated. The constitutive equations for the bulk material and
the dissipative interface are also discussed. The discretization of the IVBP is then addressed.
Later, a means to propagate the shear band tip based on the hyperbolicity indicator is explained.
Some examples are used to illustrate the capabilities of the method. Finally, some concluding
remarks are given.

2. SHEAR BAND ONSET

As mentioned in the introduction, a shear band in a rate-independent material results from a
material instability. The characterization of material instabilities is somehow controversial. A
classical definition of material stability is based on the so-called Legendre-Hadamard condition,
which establishes that for any non-zero vectors n and h, the following point-wise inequality
must hold:

mM®h):A:m®h) >0 (1)

where A is the constitutive tangent operator, n defines the direction of propagation, and h
is the polarization of the wave. This condition ensures that the velocity of propagating
waves in a solid remains real. Equality in expression (1) is the necessary condition for
stationary waves. Reference [8] gives a textbook description for obtaining condition (1) by
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means of a stability analysis of the momentum equation when a perturbation of the form
u = hexp(iot + kn - x) is applied. The Legendre-Hadamard condition is some times called
strong ellipticity of the constitutive relation (see Reference [9]). For the quasi-static case, and
under certain regularity assumption, this condition is equivalent to rank-one convexity of the
underlying potential (see Reference [10]). In the dynamical case, the Legendre—Hadamard con-
dition implies the hyperbolicity of the IBVP. The reader is referred to Reference [11] for further
details about the concepts presented above and their interrelation.

Based on expression (1), let us define, for a given material point of a solid at a given time,

e:=minfn®h): A: (n@h)] )

where e will be called the hyperbolicity indicator as in Reference [12]. We say that a material
point is stable whenever the hyperbolicity indicator e is strictly positive.

2.1. Expression of e for associated plasticity
Let us state the following general expression for the constitutive tangent operator for associated
plasticity in small strains:

C:m®@m:C

A=C
H+m:C:m

3)

where H is the hardening/softening modulus, m is the plastic flow tensor, and C stands for
the isotropic elasticity tensor defined as

C=11+2u “)
with A and p being the Lame parameters; 1 and I are the second order and the (symmetric)

fourth order unit tensors, respectively.
Inserting (3) in (2), we obtain

%)

i [(“u)(h ) 4 g2 — 2O WTrm) & 2 m n]

H + 2Tr2(m) + 2u/ |2

3. POST-LOCALIZATION BEHAVIOUR

Once the material loses stability, the use of standard governing equations leads to ill-posedness
of the IBVP. Nevertheless, as pointed out in Reference [1], a solution can be obtained for wave
propagation in a one-dimensional softening bar whenever the unstable region is restricted to a
set of measure zero. The lack of physical meaning of the solution obtained (total dissipation
equal to zero) can be attributed to the fact that no dissipative mechanism capable of acting in
a set of (Lebesgue) measure zero was considered.

Within the context of non-linear fracture mechanics, these dissipative mechanisms have been
introduced by means of the so-called cohesive surfaces [13, 14]. We adopt a similar methodology
here for modelling shear bands.
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Figure 1. Solid with a dissipative interface.

3.1. IBVP with an internal dissipative interface

Consider a solid Q with material points X. Its boundary I' is partitioned into two subsets, ',
and I',, upon which tractions and displacements are prescribed, respectively. The locus of an
internal dissipative interface I'py is a subset of the zero level set of an implicit function fi,
i.e. the set of all X € Q such that f1(X) = 0. This dissipative interface will be used to identify
material points for which the hyperbolicity of the governing equations has been lost, i.e. where
the hyperbolicity indicator defined in (2) has lost positivity. The unit normal n to I'p; can be
readily computed as

\Y

n— i
VAL

To specify the edge of the dissipative interface at time #, we construct another implicit

function f,(X,t) (see Figure 1), as in References [15, 16], whose level sets are orthogonal to
those of f1(X) and such that

(6)

Ipri={XeQ f1i(X)=0and £>(X,t) > 0} )

The position of the tip of a shear band at time ¢, denoted by xP(7), is given by f1(X) =
(X, 1)=0.

In the quasi-static case, the solution of a boundary value problem (BVP) with internal bound-
aries is to be sought, for small strains, in the so-called Space of Functions with Bounded Defor-
mation (BD) (see Reference [17]). This space contains functions whose symmetric distributional
gradients are bounded (Radon) measures. Within this functional framework, discontinuities in
the displacement field can be properly treated. For the dynamical case, it seems reasonable to
assume that the restriction of the solution to a given instant of time also belongs to BD.

Based on these considerations, we adopt, as in Reference [18], for a given time ¢, the
following additive decomposition of the displacement field, u; = u(-, 7) : Q@ — R", into smooth,
4,, and non-smooth part, u;:

w = d +u @®)
where @, € H'(Q; R") and u; is required to fulfil the following conditions:

e u; = 0 outside some set Qu; C {XeQ; fL(X,t) > 0} containing I'py.
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e For every open set U C Q such that UNI'p; =@, u;|y is smooth.
L4 [[u;]]FDI = ﬂ:ul‘]]r])l on FDI-
where [u;]lr,, denotes the jump of w, across the discontinuity interface I'py.

We denote the space of functions with elements u, satisfying the Dirichlet boundary condi-
tions on I', by S;. Let us also define the corresponding space of test functions as

V.= {0u; u; +ouesS, u €5} )

Now, we state the following weak form of an IBVP for a solid with an internal dissipative
interface I'py:

GIVEN the initial displacement, ug, and the initial velocity, 1,
FIND u; € §; for every time ¢ in the time interval of analysis
SUCH THAT, for all du € V,

/p5u~iidQ=/ (V@éu):adQ—/éu-bdQ—/ ou-tdI' + Ofu] - tprdI
Q O\I'pp Q I's I'pr
(10)

in the time interval of analysis. In the above, the symbol ® denotes the symmetrized tensor
product and p is the density.

3.2. Constitutive model

We assume that the constitutive behaviour in Q\I'py is governed by a continuum constitutive
model, whereas the material description on I'p; will be ruled by a traction—separation model
(often called a cohesive law). Similar approaches to the modelling of shear bands can be found
in References [19,20].

As to the continuum model, a standard associative plasticity model for small strains with an
isotropic hardening/softening law is considered. The state equation for the stress reads

ca=C:(g—¢P) (11)

where &P is the plastic strain tensor. The stress-like internal variable is assumed to be a function
of the equivalent plastic strain, so

g =g(") (12)

g denotes the stress-like internal variable and &* the equivalent plastic strain. We also have an
evolution equation for the plastic strain,

OF
Jdo

where F is the yield function (which defines the elastic region in the generalized stress space)
and y is the so-called plastic multiplier, as well as an evolution equation for the equivalent
plastic strain,

&=y _—=ym (13)

&=y (14)
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The yield function is defined by

Flo,g) =d(e) — ¢ (15)

where ¢ is some scalar valued function of the stress state ¢. Function (15) defines the set of
admissible states as those for which

Fle,8) <0 (16)
Finally, we have the loading/unloading conditions,
720; Fo,8) <0;7F,8) =0 a7)
and the plastic consistency condition,

yF(e,8) =0 (18)

3.2.1. Interface model. Let us define Q D Q? =TI x(—n/2,n/2), where I'; C I'p; and 7 is a
positive real number that can be interpreted as the width of the shear band. Then, we assume
that there exists a scalar valued function & on I'pj, such that, for any I'; C I'pj, the following
equality holds:

/ émdI’ = lim ym dQ (19)
T; ,1_>0+ Q?\"/
&P

We also assume that the elastic strain rate, &€ = & — &P fulfils

lim £dQ =0 (20)
n—0t Jol

The above assumptions are motivated by the high plastic strains that occur in a shear band.
The main contribution to the highly localized strains comes from the plastic part. Thus the
elastic strains are negligible.

Considering Equation (8), it can be shown that, for any I'; C I'py,

lim £dQ = / ([u]l © n)dI’ (21)
n—0tJq! T

From Equations (19)—(21) we obtain
/ omdll = / ([a]] ® n)dI" (22)
T; I;
for any I'; C I'p;. Hence,

om=[a] ©n on I'p; (23)

Equation (23) was obtained in Reference [21] within the context of the so-called strong dis-
continuity analysis. It provides us with the means to construct the interface model from the
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continuum constitutive model. Consider, for example, the standard J2 flow plasticity model in
small strains, for which

_ dev(o)
|l dev(o)]|

where dev(-) denotes the deviatoric part of (-). Then, the trace of both sides of Equation (23)
must fulfil

(24)

trGm) =[a] -n=0 on I'p (25)

tr(-) denotes the trace of (-). The above condition implies that, for J2 flow theory, only the
jumps in the velocity component tangential to I'py are possible.
From Equation (24), we have that |m| = 1. Then Equation (23) implies

&= |[al ©n| on I'p (26)

Consider the two-dimensional case. Let er denote a vector field on I'p; orthogonal to n.
Then, defining m,7 =n-m-er and [u]ly = [u] - er, and considering Equation (23),

L.
muyr = —[ully on I'p (27)
24
If we define t7r =n-o-er =n-dev(e) -er =t-er, then, from Equation (24),
T
My = ————— (28)
" l[dev(a) |l

Let us consider now Equations (15) and (17), and also that for J2 flow theory a(6) = ||dev(a)]|.
Then, for plastic loading, we have

[dev(e) || = g (29)
Thus, from Equations (27)—(29), we obtain

tr = ;HM]T on I'pr (30)
o

In order to have an interface constitutive model driven by the velocity jump, g must be
expressed in terms of [u#]7. The natural choice is to establish this relationship through «. In
light of this, we propose the following functional relation between g and o:

g =g(edp) + 8@ on Ipy €29

where 5p is the value of the equivalent plastic strain at the time of loss of hyperbolicity. We
impose that g(«) =0 for « = 0. Thus, g (£§B) is the initial value for the softening law acting
at the discontinuity interface I'py.

4. DISCRETIZATION OF THE IBVP

4.1. Discretization via X-FEM

It is clear that standard finite element formulations are not well suited for the solution of
IBVP’s as the one posed in (10). Due to the ‘roughness’ of the BD in which the solution of

Copyright © 2005 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2005; 62:1857-1872



1864 E. SAMANIEGO AND T. BELYTSCHKO

problems with dissipative interfaces lies, standard finite element approximation functions are
not able to provide a sharp resolution of the approximated fields. However, the structure of the
displacement field given in Equation (8) can be exploited if its smooth part is approximated
by standard finite element functions while its non-smooth part is approximated by means of
some enrichment. This concept was used in References [22—24] for the study of discontinuities
within the context of linear fracture mechanics. Extensions to the study of solids with cohesive
surfaces can be found in References [25-27].
In this framework the approximation of the displacement field is

(X, 1) = id N (X)a; () + 3 ¢ (X)gr(Der (X) (32)
1=1 Iel

where nyoq is the number of nodes, N; is a (standard) finite element shape function associated
to node 7, J is the set of indices corresponding to the enriched nodes, a; are the standard
displacement degrees of freedom, er(X) is the unit tangent to the shear band at X, g; are
the displacement degrees of freedom associated with the enrichment, and ¢; are enrichment
functions defined as

o X) = Ny X)[A(f (X)) — A (f(X1)] (33)

where # is the Heaviside step function and X; is the position vector of node /. Since er is
orthogonal to n and n is defined by Equation (6), we can see that er is defined by the level
set. Note that the enrichment term in Equation (32) acts only in the direction tangential to
the shear band, as required by condition (25). By construction, the enrichment functions ¢, (x)
are zero at the nodes, which is certainly appealing from an implementation point of view. It
follows from its construction that u”(-,f) € S;. Note that the approximation in Equation (32)
differs from the XFEM approximation for cracks [22] in that only the tangential component is
discontinuous.

An approximation analogous to that in Equation (32) can be obtained for the acceleration
field by differentiating the displacement approximation in (32) with respect to time:

i'"(X, 1) = id N Xd; (1) + 3 ¢ (X)gr(Her (X) (34)
=1 I€J

where d; are the standard acceleration degrees of freedom and §; are the acceleration degrees
of freedom associated to the enrichment. The material character of the dissipative interface I'pp
has been considered for the above derivation.

Let us now define the approximation space for the displacement field as

Sth = lui’ e S uﬁl =uh(-,t) in Q, u? .

_ o (r)} 35)

u

where u*(#) are the displacements prescribed on I', at time ¢. Note that the approximation is
conforming in the sense that Sth C S;. Now the space of test functions corresponding to the
finite element discretization of the IBVP stated in Equation (10) can be defined as

vh .= {5llh eV; ou" =u"(,1) in Q ou"

. 0} (36)
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After substituting the approximations for the displacements, the accelerations, and the test
functions in Equation (10), the following semi-discrete weak form of the IBVP can be
obtained:

Mnod .
5% Ga - (67 + M i+ M — 7

+ Z 5q[( mt + M qK +M”( aK - QeXt) (37)
1eJ

for all kinematically admissible da; and dg;. In the above,

f}m=/ VN - 6dQ
O\I'pr

(38)
fICXtZ/ N1tdF+/ NybdQ
Iy Q
o = / (Vy @eT)IO'dQ+/ & (V Oer):adQ
O\I'pr O\I'py
(39
Q?Xt=f ¢,<t-eT>dr+/¢,(b-er)dQ—/ [, Ter dT
T Q I'pr
M?K=/ Ny Ng1dQ
Q
My = / Ny dger dQ (40)

MY, = /Q b by 4O

4.2. Discretization in time

Once the semi-discrete form of the IBVP is obtained, a numerical scheme has to be em-
ployed for integration in time. In the present work, the explicit central-difference method
is used.

4.3. Quadrature

Since several of the integrands appearing in the expressions of the discretized governing equa-
tions are discontinuous at I'py, standard quadrature rules are not well suited to the elements in
which the discontinuities occur. As a consequence, a procedure based on that used by Moes
et al. [22] is followed. First, a Delaunay triangulation is applied to the two parts into which
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@ cnriched nodes with normal discontinous enrichment
S enriched nodes with modified enrichment

(O unenriched FEM nodes

( virtual node used to generate the enrichment function

Figure 2. Schematic of the enrichment scheme for shear bands ending within an element.

the element is split by the discontinuity. Then, a standard quadrature rule is applied to each
of the triangles in the tessellation.

4.4. Elements partially cut by the shear band

One of the notable features of X-FEM is its ability to model the growth of discontinuities
continuously. In order to profit from this capability, the possibility of a shear band tip within
an element has to be considered. In the case of elements only slit by the dissipative interface,
a special procedure is used. This procedure was developed in Reference [27] and is based in
the construction of a virtual triangle in such a way that it is fully cut by the shear band.
Figure 2 illustrates the treatment of slit elements, for more details see Reference [27].

5. SHEAR BAND PROPAGATION

Since we are modelling shear bands as discontinuity interfaces consisting of material points
for which the hyperbolicity indicator e has lost positivity, it is natural to require that its
value at the tip of the shear band should fulfill the following conditions at a given time ¢:

e (X (1), 1) =0 (41)
¢ (xP(t), 1) =0 42)
Note that e depends on 7 not only explicitly, but also through x'P. The above conditions were

used in Reference [12] for crack propagation. Here, we use them to propagate the tip of the
shear band. Denoting é'"? = ¢(x""P, -), we have

.t det tip) | i
¢ = = + (Ve™) - X" =0 (43)
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where xUP is the velocity of the shear band tip, which can be expressed as
i ip ti
X" = y'Pe,P (44)

where vUP denotes the speed of the shear band tip and etTip is the unit tangent to the shear
band at x"P. Then, from Equations (43) and (44), we obtain

. 1 deliP
i — —— (e_) (45)
VellP . e]{p ot

If we denote the length of the dissipative interface I'p; by ¢, then Equation (45) can be

rewritten as

ot 1 deliP

B N (46)
ot Velip . et%p ot

The above equation can be used in the discrete IBVP to update the position of the shear band
tip. The increment of ¢ at a given time step can be readily computed from (46) by using, for
instance, a forward Euler time integration scheme.

6. EXAMPLES

In this section some numerical examples illustrating the performance of the methodology pre-
sented before are shown. For all the examples, the plane strain hypothesis has been adopted.

6.1. Rectangular plate subjected to pure shear

First, a rectangular plate of dimensions 1 m x 0.3 m is subjected to pure shear. This test is
intended to show the performance of the enrichment when pure shear is applied. Constant
velocity in the x-axis direction is applied on the lower side of the specimen. The enrichment is
applied from the beginning of the computation. No cohesive force is included on the interface.
Figure 3 shows the deformed mesh. Its shape does not change through time as expected.

041

0.2

0 1 J
-0.2 0 0.2 0.4 0.6 0.8 1 1.2

Figure 3. Rectangular plate subjected to pure shear.
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(Tullr

Figure 4. Traction separation law.

6.2. Rectangular plate subjected to traction

The main purpose of this example is to show the ability of the proposed methodology to predict
the direction of progression of a shear band. A rectangular plate with an initial imperfection is
subjected to velocity in the y-direction applied on its upper side. The velocity increases linearly
until a prescribed time ¢ = 0.2 ns. Further on, it remains constant with a value of v = 20m/s.
The imperfection is modelled as an initial horizontal notch.

The material parameters considered correspond to a maraging steel type 18Nil1900: Young’s
modulus E = 190 GPa, Poisson’s ratio v = 0.3, density p = 8000kg/m>. An exponential
softening law was employed for the continuum model. As to the traction—separation model,
a bilinear law was used as shown in Figure 4.

Figure 5 shows the shear band pattern at an intermediate and at a late stage of the loading
process. The dots indicate the different positions of the tip of the shear band as it evolves.
The direction of propagation is approximately equal to 45° with respect to the horizontal axis
during most of the interval of analysis. It is important to mention that two values of the
angle of propagation are obtained from the analysis of the hyperbolicity indicator. Thus, one of
them has to be selected. Since, to the knowledge of the authors, there is no generally accepted
criterion to make this selection, the decision has to be made based on heuristical considerations
in each case. We used a persistence criterion where the direction most closely aligned with the
previous direction was chosen.

6.3. Impacted pre-notched specimen

A pre-notched specimen impacted by a flat projectile is considered. A scheme of the setup
of the test is shown in Figure 6. This test is based on the experiments reported by Kalthoff
and Winkler [28]. However, this simulation only aims at capturing qualitative features. Neither
thermal effects nor rate dependency are considered here.

As in the preceding example, the material parameters correspond to a maraging steel type
18Ni1900: Young’s modulus E = 190 GPa, Poisson’s ratio v = 0.3, density p = 8000kg/m>.
Again, an exponential softening law was employed for the continuum model and a bilinear law
was used for the traction separation model.

Because of the symmetry of the problem, only the upper half of the specimen was modelled.
The impactor is modelled as an initial velocity of v =40m/s.

Copyright © 2005 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2005; 62:1857-1872
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Figure 5. (a) Shear band evolution at intermediate stage; and (b) shear band evolution at late stage.

I 100mm |
75mm
100mm
—
Vo
— 50mm

o]

00mm

Figure 6. Impacted pre-notched specimen: experimental setup.

Two meshes with different level of refinement were used. Figure 7(a) shows the resulting
shear band path for the coarser mesh. The thick solid line represents the initial notch, while
the dots indicate the different points occupied by the shear band as it grows. It can be seen
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Figure 7. Impacted pre-notched specimen: (a) shear band pattern for
coarser mesh; and (b) shear band pattern zoom.
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Figure 8. Impacted pre-notched specimen: (a) shear band pattern for
finer mesh; and (b) shear band pattern zoom.

how the shear band penetrates into the specimen. Also, the shear band path exhibits the same
downward drift as observed in experiments. Li et al. [29] also captured this pattern. This can
be better seen in Figure 7(b), where a zoom of the region in which the shear band develops
is shown.

The shear band path for the second mesh can be seen in Figure 8(a). A zoom of the region
in which the shear band develops is shown in Figure 8(b). The qualitative behaviour is the
same as in the coarser mesh.

Also, a plot of the shear band advance along time is shown in Figure 9. It can be seen that
the progression of the shear band is intermittent. However, the average shear band tip speed
of 500 m/s is reasonable.
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Figure 9. Shear band advance in time.

7. CONCLUDING REMARKS

A methodology to model shear bands as discontinuities in the displacement field has been
presented. Its salient features are the following:

The transition from continuum to discontinuum is governed by the loss of hyperbolicity
of the (linearized) IBVP.

The post-localization behaviour of a material point for which hyperbolicity has been lost
is modelled by means of a traction—separation law.

This traction—separation law is obtained from a continuum J2 flow plasticity model. One
relevant consequence is that the normal component of the velocity jump must be equal
to zero.

The spatial discretization of the IBVP by means of X-FEM leads to a conforming
approximation.

A propagation criterion for the shear band tip can be obtained from an analysis of the
value of the hyperbolicity indicator defined in Equation (2).

The possibility of elements only partially cut by a shear band is taken into account, i.e.
the shear band tip can be arbitrarily located inside an element domain.

The examples presented show that, from a qualitative point of view, the methodology pre-
sented here can be successfully applied to the study of the dynamical propagation of shear
bands in solids. However, the applicability of these methods to materials where significant
plastic deformation precedes the loss of hyperbolicity is not clear.
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